Abstract-This paper presents an analysis about resonance on coupled systems when excited by square waves, generated through experiments using planar and ring coils. Because of the phenomenon described by its transfer function, a sum of responses appear when the square wave frequency increases, which causes a resonance response with high voltage, in several cases, greater than common turn ratio of the transformer. With parallel capacitances inserted on output, the resonance frequency reduction and change of gain is observed. Due to this effect, explanation of how output of Tesla transformer presents high voltage which is shown and strategies to reach the maximal value on output are proposed.
INTRODUCTION
In several researches about resonance, studies have been developed considering effects of impedances on RLC circuits [1] [2] [3] [4] . Others analyze disks [5, 6] , as well transformers, where excitation is sinusoidal [7] [8] [9] [10] [11] [12] or, in some cases, square waves [13, 14] . Naturally, studies about excitation of circuits by square wave is generally applied to power electronics [15, 16] , pulse waves [17] [18] [19] [20] [21] [22] or pulse transformers [23] [24] [25] [26] [27] [28] . In these cases, we find in literature researches applied to Tesla transformer [29] [30] [31] [32] where resonance phenomena are hardly described, being seen as a doubly resonant effect.
As known, Tesla transformer presents a phenomenon of high voltage obtained through resonance of LC circuit, where the inductor L is a secondary of transformer with primary excited by a pulsed voltage (square wave) above 10 kV. In Tesla transformer the output may be in order above 500 kV [29] [30] [31] [32] . However, in literature little is found about how this effect occurs.
When analyzing pulsed systems, i.e., transformers excited by square waves, some important results are presented, which are analyzed in several ways, through parasitic capacitances [33] [34] [35] [36] [37] , transfer function [38] or resonance due parasitic capacitances and self and mutual inductances [39] . In these cases, we found air core transformers built with planar coils and inner ring coils, although many researches in the literature on planar coils [40] [41] [42] [43] [44] are found in microcircuits [45] [46] [47] [48] [49] [50] [51] .
However, these results show important information to explain the phenomenon of resonance and high voltage output Tesla transformer, specially when these systems engage parallel capacitances in secondary (output). Consequently, due to this insertion, the resonance frequency is lower than system without these capacitances, and output voltage may be higher. These effects generate high gains that is observed as the sum of system response to input step voltage (each rise and fall of the square wave appear as step voltage positive and negative, respectively) added with a proportional gain due to turn ratio of the transformer (specially visible in cases when the turn ratio is greater than one, if the parameters of the coils are satisfied, as resistances, inductances and capacitances) [39] . Consequently, these effects are presented as resonance in these systems, and their occurrence generates high voltage on Tesla transformer, as will be shown in this paper.
Considering this information, this paper shows the experimental work that these results are based. In this way, this paper is presented as follows: in Section 2, basic data of equipments and experiments are presented; in Section 3 we show basic results about obtained data and realized experiments, with the transfer function of the system and the formulation of the resonance; in Section 4 the information about insertions of parallel capacitances on output of the system and their effects is presented; in Section 5 we show behavior of Tesla transformer and comparisons with obtained results; in Section 6 we present conclusions of this work.
BASIC DATA
Based on data and experiments described in [33] and performing other experiments with other coils and inserting parallel capacitances to the output, we have analyzed the observed effects to determine the phenomena of high-voltage Tesla transformer.
The equipment used included a digital storage oscilloscope Agilent Technologies DSO3202A with passive probe N2862A (input resistance = 10 MΩ and input capacitance 12 pF), a function generator Rigol DG2021A and a digital multimeter Agilent Technologies U1252A.
The coils utilized to obtain the results were: Data of the realized experiments were obtained considering the transformer (systems) being built by planar coil inner ring coils. All experiments were realized exciting primary coil system and observing the induced emf (response) on secondary. The input square wave frequencies ranged from 1 kHz to 25 MHz, with voltage 5 V peak to peak. In resonance, data were obtained without capacitances and insertion of output parallel capacitance, where in these cases, the input square wave voltage had voltage variation from 1 to 10 V.
The coils used, as well as other information on structure and equivalent circuit, may be seen in [33, 38] .
INITIAL EXPERIMENTS AND RESULTS
As we see in Costa [33] , when exciting the primary of this system by a square wave, and observing the response on secondary, effects of parasitic capacitances on coils are observed. These effects may be determined by transfer function of the system [38] , where in higher frequencies the sum of responses generates resonance on output [39] . In this section, some results are presented in summarized way.
The system response was obtained by graphs in oscilloscope in all the experiments, and some of these results are shown in Fig. 1 , given by:
where this equation was obtained from graph in configuration 200 turns planar coil vs 10 turns ring coil, being valid for all configurations (variations on self inductances, mutual inductance, resistances and parasitic capacitances changes ω 1 , ω 2 , and exponential drops b and d).
we have the transfer function of the system given by [38] : where
When the frequency of the square wave is increased, sum of responses that varies output voltage occurs, as shown in Fig. 2 , in configuration 200 planar coil vs 30 ring coil (direct system) on sequential frequencies 167 kHz, 178 kHz and 191 kHz, and in configuration 15 ring coil vs 500 planar coil (inverted system) on sequential frequencies 80 kHz, 90 kHz and 100 kHz.
The sum of responses can be observed in the simulation in Fig. 3 , where in each rise and fall of input square wave, the system behavior presents inverted signal. Consequently, the result is an overlap of responses added by a constant value a referring to variation of the input. As the input square wave frequency is increased, the peak voltage varies due to this sum. Accordingly [39] this sum of responses is given by:
where we see in Fig. 4 the system output voltage in some configurations for direct and inverted systems. In this equation, a is the initial constant value of the response (medium value of the sine wave in initial response), and α is the peak value of the higher frequency of the sine wave response. Thus, the maximum peak to peak voltage is given by:
where k is the number of cycles of the attenuated oscillatory response of the system, and T is the period of this sine wave (T = 1/f n> = 2π/ω 1 , where f n> = ω 1 /2π is the higher frequency of the response, as shown in [33] ). Maximum peak voltage is seen in the simulation shown in Fig. 5 , which occurs when f s = f r , f s being the frequency of the input square wave and f r the higher frequency of the sine wave response [38] . Analyzing the resonance on system, we see that the output is linear when input voltage is increased. In realized experiments, obtained results show this effect, where ranging input voltage from 1 V to 10 V in resonance frequency, output presents direct proportion. This effect is seen in Figs. 6-8, where some analyzed configurations are shown for comparison (direct and inverted systems).
Other important results can be observed in graphs shown in Fig. 9 , where we see resonance output variation when varying turn numbers in ring coil and planar coils for direct system, and in Fig. 10 for inverted system.
In the measurements with 2 turns ring coil in direct system, we observe that the resonance frequency is higher than 25 MHz -limit of the function generator used (which is observed in direct system gain in Figs. 6-8 for configurations involving ring coils with low turn number). This is observed because the peak voltages follow the same graphs for turn numbers greater than 2, which is seen in [39] where resonance frequencies are shifted to higher frequencies when turn number ring coil is decreased. So, when the turn number planar coil increases, resonance frequencies are shifted to lower frequencies. In inverted system, the resonance frequencies are shifted to lower frequencies as it increases the turn number planar coil.
Also, we observe that the greater gain in resonance is found for 5 turn number ring coil, on inverted system, for the experimented coils. In this case, the voltage obtained to 1600 planar coil is 416 V to input voltage of 5 V peak to peak on frequency f = 407 kHz, which determines the gain of 83.2 times. However, we observe that due to the sum of responses, in resonance frequency, both direct and inverted systems, the gains are different from that of circuit theory. For example, in configuration 500 turns planar coil vs 50 turns ring coil (direct system) for input voltage of 5 V peak to peak, turn ratio is 50/500 = 0.1, and the output should be 0.5 V peak to peak. But, the sum of responses generates an output voltage of 16.8 V (gain 16.8/5 = 3.36) which determines value of 3.36/0.1 = 33.6 times the theoretical value. For configuration 1600 planar coil vs 5 turns ring coil (inverted system), the turn ratio is 1600/5 = 320, and the expected output voltage is 5 × 320 = 1560 V. We obtain 83.2/320 = 0.26 times theoretical value. This result can be observed analyzing all configurations. Also, we see that gain in resonance to inverted system is lower than theoretical gain due to higher parameters on secondary, which implies lower resonance frequencies and fewer overlapping responses.
These results are found in the systems without parallel capacitances on secondary. The results of the systems with parallel capacitance on output are presented in the next section. 
SYSTEM WITH PARALLEL CAPACITANCE IN OUTPUT
The obtained results on previous section were based on measures in the system only with the coils, where effects show the existence of parasitic capacitances [33] . However, these results show how the system reaches output values with high voltages when resonance is reached, which is verified when f s = f r [39] . Thus, since we observe these phenomena considering only the coils with their parasitic capacitances, an analysis about inclusion of external capacitances on output is necessary.
The external capacitances included (cited in Section 2) in system were inserted parallel with output, to verify changes on system responses.
Each capacitance was inserted parallel with secondary coil on resonance frequency and observed the changes in response. In all cases, the insertion of parallel capacitances shifted the resonance frequency to lower frequencies. This effect is expected, since the resonance frequency presents relationship with 1/ √ LC. Thus, increasing C decreases f , and decreasing f reduces gain. For configurations: 9 turns ring coil vs 200 and 500 turns planar coil, we see in Fig. 11 the effects of parallel capacitances inserted in output, considering that the system was tuned in the new resonance frequency, where the first point is the system without parallel capacitance. All measurements were made with input voltage of 5 V peak to peak. In Fig. 12 the output changes with resonance frequency is observed, where the reached higher value is output voltage of the system without parallel capacitance. On the other hand, due to insertion of parallel capacitances, changes in gain is too verified. The lower is the parallel capacitance, the higher is the gain, such that, the greater gain is observed when the system presents only its parasitic capacitances. In Fig. 13 , we see that the output changes with increasing capacitance.
In all analyzed systems, when varying input voltage from 1 V to 10 V the gain is maintained. In Fig. 14 , we see this effect for configurations: 9 turns ring coil vs 200 and 500 turns planar coil, without parallel capacitance and inserting the parallel capacitances. As shown in Figs. 6-8 , the direct system has lower gain than inverted system, but these linearities are equally observed.
In all cases, we observe that the sum of system responses is verified. The linearity of the gain with input voltage is observed too. Also, we observe that the smaller is the capacitance of the system, the higher is the resonance frequency, and the lower is the exponential drop, the greater is the sum of responses. In these experiments, we observe these results, and we see that if parasitic capacitances on system are reduced, satisfying the better relationship with primary of the system (about 5 turns on ring coil) the gain will be better. Due to these results, we can generate comparisons with Tesla transformer and formalize how its phenomenon of high output voltage occurs.
TESLA TRANSFORMER AND COMPARISONS WITH OBTAINED RESULTS
Tesla transformer [29] [30] [31] [32] is a pulse transformer [23] [24] [25] [26] that generates output voltages above 500 kV. This transformer uses an input voltage above 10 kV, applied to a primary coil of low turn number, and generates high voltages on secondary coil built with high turn number. Usually, in basic applications, Tesla transformer consists in a primary with 4 turn number and a secondary with 2000 turn number (coils built as solenoids).
The excitation of the Tesla transformer is made with a pulsed energy generated through a gap which the increased voltage generates the dielectric breakdown of air, exciting primary coil with a pulse of high voltage (running as a rise of a square wave). When the source reduces this value, the pulse on primary is eliminated (the energy is not sufficient for air ionization and the dielectric breakdown of air is eliminated) running as fall of a square wave. Thus, the excitation of Tesla transformer is pulsed, like a square wave, with high voltage.
Considering the experiments worked and presented in this paper, we see that the phenomenon of output high energy of Tesla transformer can be analyzed in a similar way. Since the results of the experiments show that there is a sum of responses in each rise and fall of the square wave, until the resonance (f s = f r ) [39] , the same effect is present in Tesla transformer. We see that, as shown in the analyzed systems, parasitic capacitances guarantee the induced emf with sinusoidal responses. Considering effects of parallel capacitances inserted in output, the resonance frequency is reduced. The lower the value of this parallel capacitance, the higher is the resonance frequency and the gain, as seen in Eq. (4) .
Also, we observe in obtained results that the best configuration is presented when turn number of primary is low (5 turns, which is approximately the turn number used on basic Tesla transformer) in relationship with the secondary. This fact determines low parasitic capacitances on input, which improves the responses on amplitude of induced emf and consequently improves the amplitude of sinusoidal response on output, as shown in [33, 38] . Although the realized experiments have been conducted with planar coils, the effects of secondary in Tesla transformer are the same. In the case of the realized experiments and used coils, only the parasitic capacitances present as higher than the parasitic capacitances of the coils on Tesla transformer, as well as the self and mutual inductances.
In Tesla transformer, a parallel capacitor of low capacitance is inserted to improve the output voltage on resonance (which appears in common cases approximately on 400 kHz). Since the sum of responses generates large gains on resonance and considering that the constants α and a in Eq. (4) that depend on the magnetic flux generated by energy on primary coil, these values greatly increase with the input on Tesla transformer. Thus, due to this sum of responses, the high energy on output Tesla transformer in resonance is explained. Although the results of the experiments shown for inverted system (case of Tesla transformer) had presented lower gain than direct system, we see that this problem is due to the parasitic capacitances, self and mutual inductances. In Tesla transformer coils, due to their dimensions, these parameters are much smaller than worked systems.
Moreover, due to results of this paper, improvements on Tesla transformer can be implemented to generate better gain and maximum peak of energy. The ideal for this problem is to generate a higher frequency with less attenuation in the response, such that the input square wave frequency to obtain resonance becomes large, and a greater number of sinusoidal responses with low attenuation is added. In other words, adjustments in parameters of the coils (vary parasitic capacitances, self and mutual inductances, and turn number or wire material to reduces resistances) should be performed to improve the gain. This is currently being researched.
CONCLUSIONS
The results presented in this paper are of great importance in several researches of physics and electrical engineering. Effects of resonance on systems excited with square wave can be used in several ways, specially pulse transformers, power electronics, etc. The results were formalized through experimental works on transformers built with planar coils inner ring coils, exciting primary by square wave with frequencies ranging from 1 kHz to 25 MHz.
The response of induced emf in these systems was shown, and the found sum of responses when increasing square wave frequency guarantees the results specially for phenomenon of high energy of the Tesla transformer. We observe that in the resonance frequency, the system gain is determined by the sum of responses, and theoretical gain due to turn ratio is not valid.
The analysis of external capacitances shows reduction of resonance frequency and changes gain due to the sum of responses. We can see that the higher is the parallel capacitances in output, the lower is the gain in resonance and the resonance frequency. In this way, the results to reach better and maximum energy on output of system, as Tesla transformer, should follow these analysis.
The high energy on output of Tesla transformer is the effect of the sum of responses in each rise and fall of the pulse excitation on primary, similar to the results presented in this paper. Also, in accordance to our results, the output Tesla transformer can be improved if the correct values of parameters (self-inductances, resistances, mutual inductance, parasitic capacitances, frequency of the input pulse excitation) are set to obtain high frequency response for the input step voltage (rise and fall of the input pulse) with small exponential drop and maximum value to parameters α and a (Eq. (4)) that is the result of the change in magnetic flux in primary (due to input pulse excitation). Yet, in Tesla transformer the parasitic capacitances, self and mutual inductances, resistances of the coils (due to their dimensions, separation between turns, and diameters of the wires), and parallel output capacitance present lower values than the analyzed systems, which ensures no occurrence of lower gain as observed in some analyzed inverted systems (that is the case of Tesla transformer, where primary has a small turn number and secondary has large turn number). These are the main results of this work.
Moreover, analyzing the results of resonance frequency as feasible effects in circuits, other researches can be realized, applied to power electronics and others applying pulse excitation.
